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Abstract. We present an introduction to the framework of strongly 
. . . local Dirichlet forms and discuss connections between the existence of 

certain generalized eigenfunctions and spectral properties within this 
. framework. The range of applications is illustrated by a list of examples. 
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There is a long history to the study of connections between the spectrum 
of a selfadjoint differential operator and properties of generalized solutions 
to the associated eigenvalue equation. In this context, the following two 
'meta theorems' have attracted particular attention: 

• Positive generalized eigenfunctions exist for energies below the spec- 
trum and the spectrum begins at the energy, where positive gener- 
alized eigenfunctions cease to exist. 

• The spectrum is given by those energies, for which a (suitably) 
bounded generalized solution exists. 



, The first statement is sometimes discussed under the name of 'Allegretto 

' Piepenbrink theorem'. The second statement is discussed under the heading 

of 'Shnol theorem'. Precise versions (and proofs) of these statements have 
been given in various contexts. It turns out that the framework of (strongly 
■ local) Dirichlet forms allows one to give a unified and structurally rather sim- 

. pie discussion of these two results. This has recently be shown in [35] (for 

the Allegretto Piepenbrink theorem) and in [23] for the Shnol type result, 
see the results on expansion in eigenfunctions in [22j as well. The men- 
^ i tioned framework includes a variety of operators among them Schrodinger 

^ ' operators, (uniform) elliptic operators on manifolds and (suitable) quantum 

graphs. Accordingly, the mentioned results have a rather broad applicability. 

Our aim here is to discuss this approach to basic spectral theory via 
Dirichlet forms in a way that is accessible to the non-specialist. In this way, 
we will not only feature the Shnol Theorem and the Allegretto Piepenbrink 
theorems of [231 SS] but also hope to advertise the use of Dirichlet forms 
in spectral problems. For this reason we also conclude the paper with a 
discussion of various applications. The results in this paper are concerned 
with strongly local Dirichlet forms. A study of similar results for non-local 
Dirichlet forms (e.g. graphs) can be found in j34j . 
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The organisation of this paper is as follows. We give a introduction into 
Dirichlet froms in Sections [H [2] and [3l This introduction is aimed at a non- 
specialist. We then discuss a version of Allegretto-Piepenbrink Theorem in 
Section m and results related to Shnol's Theorem in Section [5j These sections 
contain sketches of ideas and proofs. Finally, we discuss applications in 
Section [6l 

1. Strongly local Dirichlet forms 

In this section we describe the set-up used throughout the paper. We 
refer to [35] as to the classical standard reference as well as [211 IMl [Ml HZ] 
for literature on Dirichlet forms. We treat real and complex function spaces 
at the same time and write IK to denote either M or C. 

Throughout we will work with a locally compact, separable metric space 
X endowed with a positive Radon measure m with suppm = X. 

Dirichlet forms. The central object of our studies is a regular Dirichlet 
form £ with domain V in Lp'{X) and the selfadjoint operator Hq associated 
with 8. In order to precisely define these notions we recall the basic ter- 
minology of Dirichlet forms: Consider a dense subspace T> C m) and 
a sesquilinear and non-negative map P x P — > K such that T) is closed 
with respect to the energy norm || • H^:, given by 

\Ml =£[uM + \\u\\l2^x,mY 

in which case one speaks of a closed form in {X, m) . In the sequel we will 
write 

£[u] := £[u, u]. 

The selfadjoint operator Hq associated with £ is then characterized by 

D{Ho) C V and £[f,v] = {Hof \ v) (/ e D{Ho),v G V). 

Such a closed form is said to be a Dirichlet form if T> is stable under certain 
pointwise operations; more precisely, T : IK ^ IK is called a normal contrac- 
tion if T(0) = and \T{^) — T{()\ < |^ — C| for any (" G IK and we require 
that for any u ^ D also 

T o n G P and £[T o u] < £[u]. 

In the real case, this condition is often replaced by equivalent but formally 
weaker statement involving u V and n A 1, see [Mj, Thm. 1.4.1 and [47] . 
Section 1.4. 

A Dirichlet form is called regular if P n Cc{X) is large enough so that it 
is dense both in [V, \\ ■ Wg) and {Cc{X), \\ ■ \\qo), where Cc{X) denotes the 
space of continuous functions with compact support. 

Examples. Here, we discuss some examples showing the wide range of ap- 
plicability of Dirichlet forms. 

The Laplacian on Euclidean space. The Laplacian in Euclidean space is 
the typical example to be kept in mind. It is given by 

Ho = -A on L'^{n), JlcM'^open, 
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in which case 

V = Wg'^in) and £[u,v] = f {Vu\\7v)dx. 

Jn 

Note that for difFerentiable contractions T : M — ^ R the chain rule easily 
gives the crucial Dirichlet form property for real valued functions u as 

£(Tu)= [ {VTu,VTu)dx= [ \T'{u{x))\'^iVu,Vu)dx < £{u) 
Jn Jn 

as \T'{z)\ < 1 for all z G C. 

Uniform elliptic operators in Euclidean space: In the previous example 
we can allow for quite irregular coefficients of the differential operator. More 
precisely, let O C open and let A be a measurable map from Q into the 

symmetric d x d matrices. Assume that there exist c,C > such that the 
eigenvalues of A[x) lie in [c, C] for all a; G O. Then, the form £a defined on 
W^'\n) by 

£a[u,v] = / {A{x)Vu\Vv)dx 
Jn 

is a regular Dirichlet form. 

Laplace Beltrami and unifom elliptic operators on manifolds: The pre- 
vious example can easily be generalized to Laplace Beltrami operators on 
Riemannian manifolds: Let M be a Riemannian manifold with metric tensor 
g and exterior derivative d. Then, the form 

£c{u,v) := / {du,dv)dx 
Jm 

defined for u,v £ C^{M) is closablc. The closure is a Dirichlet form and 
its domain of definition is given by Wq ' (M) . The generator is the Laplace 
Beltrami operator. Again, we can allow for a measurable map A from M 
into the symmetric linear maps on the corresponding cotangent spaces with 
eigenvalues lying in some interval [c, C] for c, C > and obtain the Dirichlet 
form 

£a{u,v) := / {Adu,dv)dx 
Jm 

defined on Wq''^{M). These examples can be further generalized to allow 
for some subriemannian manifolds. We will not give details here. 

Quantum graphs with Kirchhoff boundary conditions: This example has 
received attention in recent times. We refrain from giving details here but 
refer to the last section of the paper. 

Capacity. The capacity is a set function that allows one to measure the 
size of sets in a way that is adapted to the form £. 

For U C X, U open, we define 

cap(C/) := inf{||i;||| \v eV,xu < v}, 

where we set (inf = oo). For arbitrary A C X, we then set 

cap(A) := inf{cap([/") \ A C U} 
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(see [35], p. 61f.). We say that a property holds quasi- everywhere, short 
q.e., if it holds outside a set of capacity 0. A function / : X ^ K is said 
to be quasi-continuous, q.c. for short, if, for any e > there is an open set 
U C X with cap(C/) < e so that the restriction of / to X \ [/ is continuous. 

A fundamental result in the theory of Dirichlet forms says that every 
u ^ V admits a q.c. representative u ^ u (recall that u G L?'{X,m) is 
an equivalence class of functions) and that two such q.c. representatives 
agree q.e. Moreover, for every Cauchy sequence {un) in iV, \\ ■ \\s) there is a 
subsequence (u„j.) such that the (urtfe) converge q.e. (see [35], p.64f). 

Whenever we will write expressions containing pointwise evaluations of 
functions u in the future, we will assume that a quasi continuous represen- 
tative has been chosen. 

Strong locality and the energy measure. £ is called strongly local if 

£[u,v] = 

whenever u is constant a.s. on the support of v. 

Every strongly local, regular Dirichlet form £ can be represented in the 
form 

£[u, v] = dT{u, v) 
Jx 

where F is a nonnegative sesquilinear mapping from P x P to the set of 
K- valued Radon measures on X. It is determined by 

(j) dr{u, u) = £[u, (j)u] — -^£[u^ , (j)] 

for realvalued u G V, (j) G V r\ Cc[X) and called energy measure; see also 

Obviously, all examples discussed in the preceeding subsection are 

strongly local. In the case of the Laplacian in Euclidean space, the measure 

r is given by {S/u\Vv)dx appearing above. 

We discuss properties of the energy measure next (see e.g. t2Il EI] ) • 
The energy measure inherits strong locality from £ viz xudT{r],u) = 

holds for any open [/ G X and any r],u £ T> with rj constant on U. This 

directly allows one to extend T to 2?ioc defined as 

{u G L^Qj. I for all compact K C X there is G P s. t. (j) = u m-a.e. on K}, 

We will denote this extension by T again. This extension is strongly local 
again i.e. satisfies 

Xudr{r],u) = 0, 

for any open U £ X and any r],u £ Pioc with rj constant on U. The set 
D is then given as the set of all u G Pioc with J ldT{u) < oo. The energy 
measure satisfies the Leibniz rule, 

dT{u ■ v,w) = udT{v, w) + vdT{u, w), 

for all u,v G Vyoc H L^^{X). (In fact strong locality is of £ is equivalent 
to the validity of the Leibniz rule for functions in P n L"^^.) The energy 
measure also satisfies the chain rule 

dT{r]{u),w) = T]' {u)dT{u,w) 
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whenever u,w G Pioc H are real valued and tj is continuously differen- 
tiable. 

We write dT{u) := dT{u,u) and note that the energy measure satisfies 
the Cauchy-Schwarz inequality: 



for all n, t> G Pioc and f,g:X — > C measurable. 

Due to Leibniz rule the sets D and Pioc resp. have certain closedness 
properties under multiplication. This is an interesting feature and we discuss 
it next. 

It is not hard to see that any function in u £ Pioc with compact support 
belongs in fact to D (as J dT{u) = /gupp^ '^r(ti) < oo). More generally, 
localized versions of functions from Dioc belong to D. More precisely, the 
following holds [45] . 

Lemma 1.1. (a) Let £ Vi^c n Lf^^{X) and ip £ V n L^{X) be given. 
Then, ip^ belongs to D. 
(b) Let ^ e Vioc and if £ Vn Lf{X) be such that dT{Lp) < C ■ dm. 
Then, ip^ belongs to D. 

Part (a) of the lemma gives in particular that D D Cc{X) = Pioc H Cc{X) 
and V n L'^{X) = Vi^c H L'^{X) are closed under multiplication. 

In order to introduce weak solutions on open subsets U of X, we extend 
£ to Vioc{U) X VciU): where, 

^ioc(t^) := {u £ Li^^{U) I Vcompact K C U3 (f) £ V s.t. (j) = u m-a.e. on 



Here, rj £ DO Cc{U) is arbitrary with constant value 1 on the support of (p. 
This makes sense as the RHS does not depend on the particular choice of r] 
by strong locality. 

Obviously, also F extends to a mapping T : ViodU) x Pioc(t^) — > M.r{U). 

The intrinsic metric, strict locality and cut-off functions. Using the 
energy measure one can define the intrinsic metric 



p{x,y) = sup{|n(x) — u{y)\ \u £ Dioc n C{X) and dT{u) < dm} 

where the latter condition signifies that r(n) is absolutely continuous with 
respect to m and the Radon-Nikodym derivative is bounded by 1 on X. 
Despite its name, in general, p need not be a metric. However, it is a 
pseudo metric viz it is symmetric, satisfies p{x, x) = for all x £ X and 
satisfies the triangle inequality. 




Vc{U) := {if £ I?|supp9? compact in U}. 
For u £ V\oc{U), if £ Vc{U) we define 

£[u,Lp\ := £[rju,ip]. 



p:XxX 



[0,oo] 



by 
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We say that E is strictly local if p is a metric that induces the original 
topology on X. 

Note that strict locality implies that X is connected, since otherwise 
points in x, y in different connected components would give p{x, y) = oo, as 
characteristic functions of connected components are continuous and have 
vanishing energy measure. 

We denote the intrinsic balls by 

B{x,r) := {y G X\p{x,y) < r}. 

An important consequence of strict locality is that the distance function 
Pxi') ■= pix,-) itself is a function in Pjoc with dT{px) < dm, see [H7] . 
This easily extends to the fact that for every closed E C X the function 
Pe{x) := inf{p(x,y)|y G E} enjoys the same properties (see the Appendix 
of [23] )• This has a very important consequence. Whenever C, : M — > M 
is continuously differentiable, and rj := C, o pE, then -q belongs to V\oc and 
satisfies 

dr(7?) = (C' o pEfdT{pE) < iC o pEfdm. (1.1) 

For this reason a lot of good cut-off functions are around in our context. 
More explicitly we note the following lemma (Lemma 1.3 in see |23] as 
weh). 

Lemma 1.2. For any compact K in X there exists a ip £ Cc{X) n T> with 
(p = 1 on K , > and dV{ip) < C dm for some C > 0. If L is another 
compact set containing K in its interior, then if can he chosen to have 
support in L. 

Irreducibility. We will now discuss a notion that will be crucial in the 
proof of the existence of positive weak solutions below the spectrum. In 
what follows, f) will denote a densely defined, closed semibounded form in 
L^(X) with domain -D(f)) and positivity preserving semigroup (Tj;t > 0). 
We denote by H the associated operator. Actually, the cases of interest in 
this paper are the situation that f) = <S is a Dirichlet form as discussed above, 
or a measure perturbation thereof f) = £ + v. Here it is assumed that the 
positive and negative part of the measure v obey G Mufi^u- G M.r,i-, 
where the classes MRfi-,MR,i are discussed in the next section. 

We say that f} is reducible, if there is a measurable set M d X such that M 
and its complement are nontrivial (have positive measure) and L^{M) 
is a reducing subspace for M, i.e., lMD{i)) C -D(f)), i) restricted to 1a/D({)) 
is a closed form and £{u,v) = £{u1m,v1m) + £{u1m'',v1m'') for all u,v. 
If there is no such decomposition of f), the latter form is called irreducible. 
Note that reducibility can be rephrased in terms of the semigroup and the 
resolvent: 

Theorem 1.3. Let f) be as above. Then the following conditions are equiv- 
alent: 

(i) f) is irreducible. 

(ii) Tt is positivity improving, for every t > 0, i.e. / > and f ^ 
implies that Ttf > a.e. 

(iii) {H + E)"^ is positivity improving for every E < inf (t{H). 
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We refer to [56], XIII. 12 and a forthcoming paper [36] for details. 

It is quite easy to see that a disconnected space easily leads to reducible 
forms. The converse is not exactly right, but there are recent results that 
go far in this direction and characterize irreducibility, cf [31]. 

Assumptions. For the convenience of the reader we gather in this section 
assumptions and notation used in the sequel. 

We will exclusively deal with regular, strongly local Dirichlet forms £. 
The corresponding energy measure is denoted by T. The associated intrinsic 
metric is denoted by p. 

We always chose quasi continuous representatives for elements of I'loc- 
The strongly local Dirichlet form £ is strictly local if /? is a metric that 

induces the original topology on X. This condition can be slightly weakened. 

It suffices to assume that the pseudometric p induces the original topology 

on X (as for a given x ^ X one can then always restrict attention to the set 

of y with p{x, y) < oo). 

Later we will also encounter a growth assumption on the intrinsic metric. 

(G) All intrinsic balls have finite volume with subexponential growth: 

e"°'^m(B(x, R)) ^0 as R^oo for allx e X,a> 0. 

Finally, we note that £ is called ultracontractive if for each t > the 
semigroup e~^^° gives a map from L^(A) to L°°(A). 

2. Measure perturbations 

We will be dealing with Schrodinger type operators, i.e., perturbations 
H = Hq + V, where Hq is associated to a strictly local Dirichlet form and 
the function V is a suitable potential. In fact, we can even include measures 
as potentials. Here, we follow the approach from [641 165j . Measure pertur- 
bations have been regarded by a number of authors in different contexts, see 
e.g. [m [371 EZ] and the references there. 

We denote by M.r{U) the signed Radon measures on the open subset U 
of X and by MRfi{U) the subset of measures v that do not charge sets of 
capacity 0, i.e., those measures with i^{B) = for every Borel set B with 
cap(i?) = 0. In case that = — G Aififi{X) we can define 

ulu, v] = uvdv for u,v ^T> with n, {; G L^{X, Vj^ + 
Jx 

Of course, a special instance of such measures is given by = Vdm whenver 
V belongs to L\^c{X). 

We have to rely upon more restrictive assumptions concerning the nega- 
tive part V- of our measure perturbation. We write Mr^i for those measures 
v G J^ii{X) that are <?-bounded with bound less than one; i.e. measures v 
for which there is a k < 1 and a > such that 

z/[ii, u] < k£[u] + Ci^\\u\\^ . 

The set A^h.i can easily be seen to be a subset of Mr^. 

By the KLMN theorem (see [55], p. 167), the sum £ + v given by D{£ + 
z/) = {uGP|mG L^(A, z^_(_)} is closed and densely defined (in fact V n 
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Cc{X) C D{£ + I/)) for u with e MRfi,u_ e Mr^i . We denote the 
associated selfadjoint operator by Hq + v. Note that Vf\L'^{X) C D{£ + i'). 

An important subclass of Mr^ with very nice properties of the associated 
operators is the Kato class and the extended Kato class. In the present 
framework it can be defined in the fohowing way: For ^ € Mq and a > 
we set 

:Ce(X)+^[0,oo], 

^{li,a)if:= I ((iJo + a)~V)- dix. 
Jx 

The extended Kato class is defined as 

Sk := {/i G 7Wo|3a > : ^>(/i,a) G ^^(X,^)'} 
and, for G 5/^ and a > 0, 

Ca(/i) := ||^'(^,a)||L-(x,m)(= ll^(/^,a)llLi(x,m)')>Ci4'ato(/^) := inf Ca(/i). 

The Kato class is originally defined via the fundamental solution of the 
Laplace equation in the classical case. In our setting it consists of those 
measures /i with CKatoifJ-) = 0. 

As done in various papers, one can even allow for more singular measures, 
a direction we are not going to explore here. 

As already discussed our measure perturbations preserve closability of the 
form. They preserve further properties. In fact, regularity is preserved in 
our context as well. 

Theorem 2.1 ([15]). Let {£,T>) be a strongly local, regular Dirichlet form. 
Let V with Vj^ G Mr^^V- G Mr^i he given. Then, the perturbed form 
{£■ + V, D{8 + u)) is regular as well. 

Measure perturbations also preserve irreducibility, as can be seen from 
the following result. 

Theorem 2.2 ([IS])' Let {£,T)) be a strictly local, regular, irreducible 
Dirichlet form. Let v with G ^A.Rl^.,v^ G ^A.R^\ he given. Then, the 
•perturbed form {E ^ v ,D(E ^ vy) is irreducible as well. 

3. Weak solutions 

Our main aim is to relate properties of weak solutions or generalized 
eigenfunctions to spectral properties of Hq + ^u. The necessary notation 
concerning weak solutions is introduced in this section. Throughout this 
section we consider a strongly local, regular Dirichlet form, {£,T>) on X and 
denote by F : V\oc x Vy^c — > M.{X) the associated energy measure. We will 
be concerned with weak solutions $ of the equation 

(Ho + V)^ = X-^, (3.1) 

where Hq is the operator associated with £ and F is a realvalued, locally 
integrable potential. In fact, we will consider a somewhat more general 
framework, allowing for measures instead of functions, as presented in the 
previous section. Moreover, we stress the fact that (j3.ip is formal in the 
sense that $ is not assumed to be in the operator domain of neither Hq nor 
V. Here are the details. 
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Recall that we could extend F to a measure valued function onU. In the 
same way, we can extend •], using that every u E Pioc(C^) admits a quasi 
continuous version u. 

Definition 3.1. Let U C X be open and v £ ■Mr,o{U) be a signed Radon 
measure on U that charges no set of capacity zero. Let A G M and <I> G 
Lf^^{U). We say that ^ is a weak solution of {Hq + ly)^ = A • <I> in U if: 

(1) <!> G ViUU), 

(ii) Miy G Mr{U), 

(iii) yip £VnCc{u), 

£[^,ip] + / ip^du = A • {<^>\ip). 
Ju 

LfVe L]^^{U) we say that ^ is a weak solution of {Hq + V)^ = A • <i> in U 
if it is a weak solution of {Hq + u)^ = \ ■ ^ for u = Vdm. 

Next, we briefly discuss these assumptions. 

Remark 3.2. (1) Lf v = Vdm and V G Lf^^{U), then property (ii) of 
the Definition above is satisfied. 

(2) If ^ G Lf^^{U) and u G Mr{U) then (ii) of the Definition above is 
satisfied. 

(3) If I' £ Mr{U) satisfies (ii) above then v — Edm G Mr{U) satisfies 
(ii) as well and any weak solution of (Hq + i^)^ = X ■ ^ in U is a 
weak solution of {Hq + v — Edm)^ = in U. Thus it suffices to 
consider the case A = 0. 

(4) By regularity we can replace (iii) by £[^,ip] + Jjjp^di^ = A • 
for all if G Vioc n L^{U) (see gS] for details). 

4. Positive weak solutions and the infimum of the spectrum 

Throughout this section we consider a strongly local, regular Dirichlet 
form, {£.,V) on X and denote by T : Vi^c x Vi^c M.{X) the associated 
energy measure. The results discussed in this section are taken from [35] to 
which we refer for further details and proofs. 

Ground state transform and consequences. We start with a theorem 
giving the so called ground state transform in our general setting. 

Theorem 4.1. Let {£,T>) be a regular, strictly local Dirichlet form, Hq 
be the associated operator and v a measure with G M.riq,v^ G M.r^\. 
Suppose that <1> is a weak solution of {Hq + = X ■ in X with <I> > 
m-a.e. and G L'^J^X). Then, for all ip,ip £ D{£ + u), the products 

</?$~^, ■0$"^ belong to Vioc and the formula 

£[ip, V'] + i^if, f ^'^dT{ip^-^,^^-^) + A • {p^\iP) (4.1) 

holds. 

The proof of the theorem proceeds essentially in two steps. In the first 
step a local version of the theorem is proven for 'smooth' n, v. In the second 
step this local version is then extended to the whole space. Note also that 
the conditions on $ in the theorem imply that <I>~^ is in Pioc- As the 
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local version may be of independent interest and has a very simple proof we 
include statement and proof next. 

Theorem 4.2. Let {£,T>) be a regular, strictly local Dirichlet form, Hq be 
the associated operator and v G A^r,o(C/). Suppose that ^ is a weak solution 
of {Hq + z^)<I> = X - ^ inU with ^ > m-a.e. and <I>, £ L'^^{U). Then, 
for all ip,ij £VnL^{U): 



Proof. For the proof we may assume A = without restriction. Without loss 
of generality we may also assume that ip and ■0 are real valued functions. We 
now evaluate the RHS of the above equation, using the following identity. 
The Leibniz rule implies that for arbitrary w E DiodU): 

= dr{w, 1) = dr{w, = <^-^dr{w, $) + <^dr{w, <^-^) (★) 

Therefore, for 99, G P n Cc{X): 

1 <^^dT{(p<^>-\ip<^-'^) = I <^dr{(f,ip<^-^) + I ^>Vdr(^>-\'0$-^) 

Jx Jx Jx 

(by symmetry) = / dT{ip,^p) + / ^ipdT^ip,^'^) 
Jx Jx 

+ / $Vrfr(V'^"\^'"^) 

Jx 

= £[^,11^]+ [ $2(ir((^V'^~\ ^"^) 

Jx 

(by (*)) = £[v,ij]- [ dr{^i;<^'\<P) 

Jx 

As $ is a weak solution we can now use part (4) of the previous remark to 
continue the computation by 

... = £[ip,il;]-{-u[ip^<^-\^]) 

This finishes the proof. □ 

The ideas behind our proof allow for some further generalizations. This 
is shortly indicated in the following remark. textbfRemark. 

(1) This proof actually shows the following statement: Assume that 
there is a weak supersolution $ of {Hq + j/)$ = A • <I> on X with 
$ > m-a.e. and £ L^c(^)- Then £ + u > X. 

(2) We can allow for complex measures without problems. In the 
context of PT-symmetric operators there is recent interest in this 
type of Schrodinger operators, see [15] 

(3) Instead of measures also certain distributions could be included. Cf 
[38j for such singular perturbations. 

We explicitely note the following immediate consequence of (both) of the 
theorems of this section. 
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Corollary 4.3. Let {£,'D) be a regular, strictly local Dirichlet form, Hq be 
the associated operator and u a measure on X with G M.Rfi-, v- £ M.r,\- 
Suppose that ^ is a weak solution of {Hq + v)^ = A • $ in X with $ > 
m-a.e. and e L^^^iX). Then, Hq + v>\. 

Harnack principles and existence of positive solutions below the 
spectrum. The previous subsection shows that Hq + u > \ whenever £ + 1^ 
is closable and admits a positive weak solution of {Hq + = A<&. hi this 
subsection discuss the converse under suitable conditions. A key property 
is related to the celebrated Harnack inequality. 

Definition 4.4. (1) We say that Hq + v satisfies a Harnack inequality 
for A G M if, for every relatively compact, connected open Xq C X 
there is a constant C such that all positive weak solutions $ of 
{Hq + = A$ on Xq are locally bounded and satisfy 

esssup^j-^ < Cessinf^(3, ,,)?x, 

for every B{x,r) C Xq where esssup and essinf denote the essential 
supremum and infimum. 

(2) We say that Hq + v satisfies the Harnack principle for A G M if for 
every relatively compact, connected open subset U oi X and every 
sequence ($n)neN of nonnegative solutions of {Hq + = A • $ in 
U the following implication holds: If, for some measurable subset 
A(ZU positive measure 

sup ||$nlA||2 < OO 
n6N 

then, for all compact K C U also 

sup ll^nli^lb < OO- 
nGN 

(3) We say that Hq + u satisfies the uniform Harnack principle if for 
every bounded intervall / C M, every relatively compact, connected 
open subset U of X and every sequence {^n)nGN of nonnegative 
solutions of {Hq + = A„ ■ ^ in U with \n £ I the following 
implication holds: If, for some measurable subset A C U ol positive 
measure 

sup ll^nl^lb < OO 

then, for all compact K C U also 

sup ||$nlA'||2 < OO. 
neN 

Note that validity of a Harnack principle implies that a nonnegative weak 
solution must vanish identically if it vanishes on a set of positive measure 
(as 0n '■= has vanishing norm on the set of positive measure in 
question). Note also that validity of an Harnack inequality extends from 
balls to compact sets by a standard chain of balls argument. This easily 
shows that Hq + u satisfies the Harnack principle for A G M if it obeys a 
Harnack inequality for A G M. Therefore, many situations are known in 
which the Harnack principle is satisfied: 
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For 1^ = and A = a Harnack inequality holds, whenever £ satisfies a 
Poincare and a volume doubling property; cf ^20j and the discussion there. 
The most general results for Hq = — A in terms of the measures v that are 
allowed seem to be found in [37]. The uniformity of the estimates from |37] 
immediately gives that the uniform Harnack principle is satisfied for Kato 
class measures. Of the enormous list of papers on Harnack's inequality, let 
us also mention PIISlIIllMlETlIMlllIlliaETllMlEalED] 

Apart from the Harnack principle there is a second property that will 
be important in the proof of existence of positive general eigensolutions at 
energies below the spectrum. 

Definition 4.5. The form £ satisfies the local compactness property if 

Do{U) := D n Cc(?7)" is compactly embedded in L'^{X) for every relatively 
compact open U C X. 

In case of the classical Dirichlet form the local compactness property 
follows from Rellich's Theorem on compactness of the embedding of Sobolev 
spaces in L^. 

It turns out that the situation is somewhat different depending on whether 
X is compact or not. In both cases we will need the assumption of irre- 
ducibility in order to obtain solutions which are positive almost everywhere. 
This is clear as in the reducible case a nontrivial solution could still vanish 
on some 'components'. 

We first get the case of compact X out of our way. 

Theorem 4.6. Let {£,T)) he a regular, strictly local, irreducible Dirichlet 
form, Hq be the associated operator and v a measure with G M-ri^^v^ G 
M.R;i. Suppose that X is compact and £ satisfies the local compactness 
property. Then, Hq + i/ has compact resolvent. In particular, there exists a 
positive weak solution to {Hq + zv)<I> = Xq^ for Xq := mia{HQ + z/). This 
solution is unique (up to a factor) and belongs to L'^{X). If Hq + v satisfies 
a Harnack principle, then Xq is the only value in M allowing for a positive 
weak solution. 

We can now state our result in the case of non-compact X. 

Theorem 4.7. Let {£, T>) be a regular, strictly local, irreducible Dirichlet 
form, Hq he the associated operator and v with z^_|_ G A^/j^Oi^^- £ 
Suppose that £ satisfies the local compactness property and X is noncompact. 
Then, if X < inf a{HQ + v) and Hq + v satisfies the Harnack principle for X, 
there is an a.e. positive solution of {Hq + u)^ = X^. 

That we have to assume that X is noncompact can easily be seen by 
looking at the Laplacian on a compact manifold. In that situation any 
positive weak solution must in fact be in L^ due to the Harnack principle. 
Thus the corresponding energy must lie in the spectrum (see Theorem 14. 6p . 

Characterizing the infimum of the spectrum. The previous results to 
not yet settle the existence of a positive weak solution for the groundstate 
energy inf a{HQ + i') in the noncompact case. The uniform Harnack principle 
settles this question: 
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Theorem 4.8. Let {£,T)) he a regular, strictly local, irreducible Dirichlet 
form, Hq be the associated operator, v with z/+ S AiRfijU^ £ -Mr,!- Sup- 
pose that £ satisfies the local compactness property and Hq + v satisfies the 
uniform Harnack principle. Then there is an a. e. positive weak solution of 
{Ho + 1^)^ = A$ for A = mfa{Ho + i^). 



In this section we relate energies in the spectrum to energies for which 
(suitably bounded) weak solutions exist. The results are taken from [23] . 
The final characterization relies on [22] as well. 

A Weyl type criterion. We include the following criterion for complete- 
ness. It is taken from [66], Lemma 1.4.4, see also |30j . Lemma 4.1 for the 
same result in a slightly different formulation. 

Proposition 5.1. Let h be a closed, semibounded form and H the associated 
selfadjoint operator. Then the following assertions are equivalent: 



for n ^ oo. 

A Caccioppoli type inequality. In this section we prove a bound on the 
energy measure of a generalized eigenf unction on a set in terms of bounds 
on the eigenfunction on certain neighborhood of the set. 

We need the following notation: For E C X and 6 > we define the 
6-neighborhood of E as 



Theorem 5.2. Let £ be a strictly local regular Dirichlet form. Let fi^ £ Mq 
and /U_ G A^i be given. Let Aq G M and bo > be given. Then, there exists 
a C = C(6o,Ao,/U_) such that for any generalized eigenfunction u to an 
eigenvalue A < Aq of Hq + fi the inequality 



holds for any closed E C X and any < 6 < 6o- 

Remark. For compact E both sides in the above inequality are finite, for 
E merely closed, one or both sides might be infinite. In any case, it suffices 
to prove the compact case since F is a Radon measure. 

The Caccioppoli inequality replaces the familiar commutator estimates 
that are used for Schrodinger operators. 

A i Shnol type result: How suitably bounded solutions force spec- 
trum. In this section, we first present an abstract Shnol type result. Un- 
fortunately, we have to start with a disclaimer. In [23j we messed up the 
reference to Shnol's original result (as do many other authors). In fact, [59] 
is the correct citation but there are two more papers with quite similar titles 
[60] [6T] and [59] does not appear in MathSciNet. 



5. Weak solutions and spectrum 




1 and 



Bb{E) := {yeX:p{y,E)<b}. 
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The latter article deals with Schrodinger operators on the half line and 
says that for spectrally almost every A G M the solution on the eigenvalue 
problem is bounded by const x2^^ as x — > oo and vice versa. By "the 
solution" we mean a solution with the prescribed boundary condition at 
and such a solution always exists since we are dealing with ODE. In this 
section we show ^ Shnol, even a little stronger: if a weak solution with 
suitable exponential bounds exist for a given energy, that energy is in the 
spectrum. 

We need the following notation. For E £ X and 6 > we define the inner 
6-collar of E as 

CbiE) ■.= {yGE:piy,E'^)<b}. 

Theorem 5.3. Let £ be a strictly local regular Dirichlet form. Let ^+ G Mq 

and fi- £ Ml be given. Let A G M with generalized eigenfunction u be given. 
Lf there exists b > and a sequence (En) of compact subsets of X with 

\\uXeJ 

then A belongs to cr(H). 

We will now specialize our considerations to sub exponentially bounded 
eigenfunctions. 

A function J : [0, oo) — > [0, oo) is said to be subexponentially bounded if 
for any q > there exists a Ca > with J(r) < Ca exp(ar) for all r > 0. A 
K- valued function / on a pseudo metric space {X, p) with measure m is said 
to be subexponentially bounded if for some xq G X and uj{x) = p{xo, x) the 
function e~°'^u belongs to L'^(X,m) for any a > 0. Recall that a strictly 
local regular Dirichlet form £ gives rise to an intrinsic pseudo metric p and 
an associated pseudo metric space {X,p). 

Theorem 5.4. Let £ be a strictly local regular Dirichlet form, xq £ X 
arbitrary and uj{x) = p{xo,x). Let p^ G A^o one? G A4i be given. Let 
u ^ be a subexponentially bounded generalized eigenfunction. Then, A 
belongs to cr{H). 

A ^ Shnol type result: How spectrum forces suitably bounded 
generalized eigenfunctions. Li the last subsection we have discussed that 
existence of suitably bounded weak solutions implies that an energy belongs 
to the spectrum. In this section we discuss a converse given in [22] that was 
known before for ordinary Schrodinger operators; see the literature cited in 
the monograph |16j. 

Recall that £ is called ultracontractive if for each t > the semigroup 
g-tHo g^^gg ^ jj^^p fj,Q^ L^{X) to L°°{X). 

Theorem 5.5. Let £ be a strictly local, regular, ultracontractive Dirichlet 
form satisfying condition (G). Let p = p^ — p^ with pj^ G TWq ^.nd p- G Sk 
with CKatoifJ-) < 1- Define H := Hq + p. Then for spectrally a.e. AG (7{H) 
there is a subexponentially bounded generalized eigenfunction u / with 
Hu = An. 
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Actually, as remarked in [22], one does arrive at generalized eigenfunc- 
tions with polynomial bounds if one assumes that the volume of balls grows 
polynomially as well. 

A Shnol type result: Characterizing the spectrum by subexpo- 
nentially bounded solutions. We can now put together the results of 
the preceeding subsections and obtain a characterization of the spectrum 
via subexponentially bounded solutions. 

Corollary 5.6. Let £ he a stricly local, regular, ultracontractive Dirichlet 
form satisfying (G). Let fi = fj.+ — fi^ with G Mq and ^- £ Sk with 
CKatoip) < 1- Define H := Hq + /u. Then the spectral measures of H are 
supported on 

{A G M|3 subexponentially bounded u ^ with Hu = An}. 

6. Examples and applications 

Several different types of operators to which our results can be applied 
have already been mentioned in Section 1. This includes classical examples 
like Schrodinger operators and symmetric elliptic second order differential 
operators on unbounded domains in M'^. More generally, Laplace-Beltrami 
operators and rather general elliptic second order differential operators on 
Riemannian manifolds fall also within this class. In this section we will 
discuss in some more detail two types of examples which have attracted at- 
tention more recently, namely singular interaction Hamiltonians and quan- 
tum graphs. Moreover, we discuss here applications of the ground state 
transformation. 

Hamiltonians with singular interactions. Hamiltonians with singular 
interactions arise when the Laplacian is perturbed by a perturbation which 
is localized on a set of Lebesgue measure zero. Here we consider more 
specifically operators with an interaction supported on an orientable, com- 
pact sub-manifold M C M'^ of class and codimension one. The manifold 
M may or may not have a boundary. In the sequel we follow roughly the 
exposition in [l3]. For more background see [21] or Appendix K of [lOj . 

The simplest type of Hamiltonian with a potential perturbation supported 
on M is formally given by 

(H^ajfix) := ( - A - a • 5(x - M))/(x) , (6.1) 

where a > is a coupling constant. To show that the operator HaaM can be 
given a rigorous meaning we establish next that it falls into the framework 
outlined in Section [2j 

For this purpose denote by um the Dirac measure in with support 
on M. This means that for any Borel set G C M*^ we have z^m(G) = 
Sd-iiG n M). Here s^-i is the d — 1 dimensional surface measure on M. 
From Theorem 4.1 in [23] we infer that the measure vm belongs to the Kato 
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class. In particular, for such a measure and an arbitrary a > there exists 
ba < oo such that 

\^{x)\^UM{dx) < a||V^f + 6„||Vf . 

As mentioned in Section ^ this implies that the form SauM '■= £ + oii^M is 
closed on the domain T) and densely defined. The unique selfadjoint operator 
associated to £auM acing on L'^{W^) win be denoted by H^^^^. 

It is possible to define the operator Hau^ by appropriate selfadjoint 
boundary conditions on M, cf. \24\ I43j . To explain this more precisely we 
need some notation. Denote by n : M —>■ a global unit normal vectorfield 
on M. Denote by D{HauM) the set of functions 

£ C(M'^) n iyi'2(M'^) n c~(M'^ \ m) n w^''^{R'^ \ m) 

which satisfy for all x G M 

, iliix + enix)) — il^ix) , ipix — enix)) — iliix) ,, , 

lim h lim = —a wix) 

e\o e e\o e 



Using Green's formula one concludes as in Remark 4.1 of [23] that the closure 
of —A with domain D{HauM) is the selfadjoint operator HauM- 

Since the measure i^m belongs to the Kato class and is supported on a 
compact set, the essential spectrum of HauM equals [0, oo), cf. Theorem 3.2 
in [21]. In space dimension two H^um nonempty discrete spectrum for 
any positive value of the coupling constant a. This can be seen using the 
proof of Corollary 11 in [25j. For higher dimensions there is a critical value 
ac > such that there exists a negative eigenvalue if and only if a > ac, cf. 
the discussion on page 20 of [33]. 

Quantum graphs. Quantum graphs are given in terms of a metric graph 
r and a Laplace (or more generally) Schrodinger operator H defined on the 
edges of F together with a set of (generalised) boundary conditions at the 
vertices which make H selfadjoint. To make this more precise we define the 
geometric structure of metric graphs, as well as the operators acting on the 
associated L^-Hilbert space. 

We start with the definition of a metric graph which is appropriate for 
our purposes. 

Definition 6.1. Let V and E he countable sets, a positive real, and Q a 
map 

G: E xV X [l-,oo], e ^ (t(e), r(e), /e)- 
Here [/„,oo] means [/_,oo) U {+00} . We call the triple F = (y,E,Q) a 
metric graph, elements of V = V{T) vertices, elements of E = E{T) edges, 
i(e) the initial vertex of e, r(e) the terminal vertex of e and le the length 
of e. Both t{e) and r(e) are called endvertices of e, or incident to e. The 
number of edges incident to the vertex v is called the degree of v. We assume 
that the degree is finite for all vertices. 

Note that the two endvertices of an edge are allowed to coincide and there 
may be multiple edges connecting two vertices. We let Xg := {e} x (0, Zg), 
X = Xr = V U UeGE -^<^ -^<^ ■~ ^ ^e]- On the set X it is possible 
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to define in a natural way the length of paths and, using this notion, also a 
metric, cf. Section 1 in [$4] . 

Now we introduce the relevant Hilbert spaces on which the Laplace, re- 
spectively, Schrodinger operators will act. For A; G {0, 1,2} we set 

ee_E 

and for W^''^{E) we use the usual notation L'^{E). Given k £ {0,1,2} 
and a function u E W^'^{E) we denote by Ue the projection of u to the 
space W^''^{0,le)- Thus we can identify each u G W^'^{E) with a family 

{Ue)e&E,Ue£W°^^{Q,le). 

Next we discuss pointwise properties of functions in u S W^'^{0,le)- 
Recall that for any / > any element h of W^''^{0,1) has a continuous 
version; we will always pick this version and then the boundary value 
h{0) := lim^^o+ Hx) exists and satisfies 

\hm' <j\\hfmo,i) + W\hio,i) (6-2) 

by standard Sobolev type theorems. Consider now an edge e, the vertex 
V = t(e) e V and u £ VF^'^(0, /g)- Then the limit u{v) := limi^o^t(*) 
exists, as well as u{w) := liuit^i^ u{t) for w = r(e) and (16. 2p holds (with the 
obvious modifications). Similarly, for an edge e and the vertex v = i(e) and 
the vertex w = r(e) and u G H^^'^(0,/e) the limits u'{v) := lim.x^v,xeeu'{x) 
and u'{w) := —limx-^w,xeeu' (x) exist. Note that our sign convention is 
such that the definition of the derivative is canonical, i. e. independent of 
the choice of orientation of the edge. For / € W^''^{E) and each vertex v 
we gather the boundary values of fe{v) over all edges e adjacent to v in 
a vector f{v). More precisely, denote by Ey := {e G E\v £ {t(e),r(e)}} 
the set of vertices adjacent to v and define f{v) := {fe{v))e£E^ £ C^" and 
similarly, for / G W'^''^{E) we further collect the boundary values of f^{v) 
over all edges e adjacent to u in a vector f'{v) G C^". These boundary 
values of functions will be used to define the boundary conditions of the 
Laplacian, respectively the domains of definition of the forms we will be 
considering. Here we restrict ourselves to Kirchhoff boundary conditions 
and call a function {ue)e£E S W^''^{E) continuous, if, for any vertex v and 
all edges adjacent to it Ue{v) = Ue'{v). Now set 

D{so) := W^^^{E) n C{X) (6.3) 
so{f,9):=Yl feit)9'e{t)dt (6.4) 

Obviously, the form sq is bounded below, closed a Dirichlet form and 
strongly local. Hence, there exists a unique associated self-adjoint opera- 
tor which we denote by Hp. It can be explicitly characterized by 

D{Hk) := {/ G Ty2,2(^) p (j^x) : ^ fe{v) =0 for all G F } 

{HKf)e : = -f'e for ah e G E. 

It is possible to define quantum graphs with more general generalised bound- 
ary conditions at the vertices but not all reasonable choices will lead to 



18 



D. LENZ, P. STOLLMANN, AND I. VESELIC 



Dirichlet forms; in [40] a characterization of those boundary conditions for 
which the form is a Dirichlet form is given. However the setup is somewhat 
different from ours. 

Applications. The ground state transformation which featured in Theo- 
rem [3?T] can be used to obtain a formula for the lowest spectral gap. To be 
more precise let us assume that i5, v and ^ satisfy the conditions of Theorem 
14.11 Assume in addition that is in + v). Then $ is an eigenfunction 
of H corresponding to the eigenvalue A = Taiaa[H). We denote by 

A' := 'm.{{£[u, u\ + v[u, n] | n G P, ||u|| = 1, n _L $} 

the second lowest eigenvalue below the essential spectrum oi or, if it does 
not exist, the bottom of (Tess{H). Then we obtain the following formula 

A'-A= inf I $2rfr(M«>-\u$-i) (6.5) 

{u&V{e+u),\\u\\=l,u^'i>} Jx 

which determines the lowest spectral gap. It has been used in |42 ^ 1431 [72] to 
derive lower bounds on the distance between the two lowest eigenvalues of 
different classes of Schrodinger operators (see [63] for a related approach). 
In [32] bounded potentials are considered, in [33] singular interactions along 
curves in are studied, and [72J generalizes these results using a unified 
approach based on Kato-class measures. 

If for a subset U <Z X of positive measure and a function u £ T> with 
||n|| = 1 and u _L the non-negative measure T{u^~^ ,u^~^) is absolutely 
continuous with respect to m, one can exploit formula (16. 5p to derive the 
following estimate (cf. Section 3 in [72], and |42l 133] for similar bounds). 

Denote by 7(n<I>~^) = '^^^"'^^^"'^ — - the Radon-Nykodim derivative. Then 
an application of the Cauchy-Schwarz inequality gives 

/ $2rfr(n$"\u$"^) > ^--inf f / J-f(u<^-^)dm 

Now we formulate more precisely the setting in which the above mentioned 
results (321 |331 [72] apply. In fact, we choose here to formulate the main 
theorem of [72]. It applies to more general situations than [32] and [43] and 
is formulated in the language of Dirichlet forms. Consider the case where 
X = W^, £ is equal to the classical Dirichlet form, is a non-negative, 
compactly supported measure satisfying for some £ (0, oo),a G [0,2) the 
bound u{B{x, r)) < Cur'^~°' for all r > 0, x G R"', and D denotes the diameter 
of the support of u. Let us assume that the bottom of the spectrum oi £ + 1^ 
consists of two isolated eigenvalues, which will be denoted by Aq < Ai . Under 
these assumptions there exist constants C,Co,p,q £ (0,oo) such that 

Ai - Ao > 7 • |Ao| • e-^o(^+i)-^ 

" - (c^ + 1)P{D + 1)1 ' 

The ground state transformation plays an important role in other 
situations as well. It is for instance used in the the study of U'-L'^ mapping 
properties of the semigroup associated to £ [29]. In the theory of random 
Schrodinger operators it is used to remove a symmetry condition from the 
proof of of Lifschitz tails 
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